Abstract. Single and double inclusive cross-sections for gluon jet production from within the triple pomeron vertex are studied in the reggeized gluon technique. It is shown that to satisfy the AGK rules the vertex has to be fully symmetric in all four reggeized gluons which form the two final pomerons. From the imaginary part of the triple pomeron digram found in terms of production amplitudes the inclusive cross-sections follow in a straightforward manner. The obtained cross-sections are somewhat different from previous results, although just as complicated.
Introduction
In the perturbative QCD at small values of x the strong interaction can be modelled by the exchange of reggeized gluons and BFKL pomerons as their bound states. In the limit of large number of colours N c → ∞ the model reduces to the propagation and triple interaction of pomerons in the tree diagram approximation. The equations which sum these diagrams have been written both for DIS (BK equation [1, 2, 3] ) and for nucleus-nucleus collisions [4] . The solution of these equations allows to find total cross-sections for processes like γ * A and AB. The next important observables, which carry much more information about the dynamics, are inclusive cross-sections to produce gluon jets which are to hadronize into the observed hadrons. First calculations of single and double inclusive cross-sections were made in [5] on the basis of the AGK rules [6] . From them it follows in particular that in the single inclusive cross-section the produced gluon jet comes from within the initial BFKL pomeron before its branchings. Later from the dipole picture a slightly different expression for the same cross-section was derived. In it, apart from the above-mentioned naive AGK contribution, another term appeared, which could be interpreted as emission from within the triple pomeron vertex itself [7] . Such a contribution is not prohibited by the AGK rules but was usually neglected as small. However in the perturbative QCD at small x it is of the same order as the emission from the pomeron. Further analysis performed in [8] in the framework of reggeized gluon diagrams discovered many terms in the contribution to production from the vertex (and among them also the one found in [7] ). However the derivation in [8] was based on certain at hoc assumptions, so that it was stressed there that the derivation was in fact quite heuristic and needed a more detailed study. This paper, which is a direct continuation of [8] , presents results of this study.
We find that a more careful analysis of reggeized gluon diagrams and especially the validity of the AGK rules for different forms in which their sums may be presented leads to results which differ from those obtained in [8] . We find that the triple Pomeron contribution in the form used in that paper (with the so called diffractive vertex Z) does not satisfy the AGK rules and only the form with the symmetric Bartels vertex V does satisfy them 1 This circumstance in fact considerably simplifies derivation of the contribution to jet production from within the triple pomeron vertex. The found terms are as numerous and complicated as in [8] and mostly different, but they do not contain the Kovchegov-Tuchin term. Their numerical evaluation remains a formidable task and so is left for future publications.
The AGK rules
We shall be interested in the scattering amplitude of some projectile (e.g γ * ) on two scattering centers, which corresponds to the triple interaction of BFKL pomerons and is schematically shown in Fig. 1 , where one can also see our notations for the initial and final momenta p i and p ′ i , i = 0, 1, 2. To simplify the diagrams we show quarks for both the projectile and two targets,
Figure 1: Triple pomeron contribution to the 3 → 3 amplitude although in fact they should be colorless objects like quark-antiquark loops (photons or onia). We assume that the c.m, energy s = (p 0 + p 1 ) 2 = (p 0 + p 2 ) 2 is large and the transferred momenta t i = (p ′ i − p i ) 2 are finite and so much smaller than s. In fact in the following we shall concentrate on the forward case t 0 = 0 which is of most practical importance. The ladders represent the initial and two final BFKL pomerons and the central blob corresponds to the triple pomeron vertex, which is local in rapidity. Allowing for the pomerons to be Regge cuts and not simple poles (as is the case of the BFKL pomeron) and for the two lower pomerons to have different energies one gets a representation for the amplitude [10] 
The signature factors are defined as
where for ζ 0 one should take j = j 0 − j 1 − j 2 . As compared to [10] we have included a factor i for each pomeron since in the skeleton diagrams one should use elemental scattering amplitudes multiplied by i. For physical scattering we are to take s 1 = s 2 = s. Function F (j i , t i ) corresponds to the diagram of Fig. 1 in the complex angular momentum representation. It is a real function, which is a product of three pomerons in the j-representation and the triple pomeron vertex Γ:
Here P , P 1 and P 2 are the initial and two final pomerons, a i and b i are their colour indexes, k i and q i are their transverse momenta, with
Since the pomerons are colorless, P 's include a projector onto the colourless state
and similar for the final pomerons. The normalization is chosen to include an extra factor N 2 c − 1 into the function P (q 1 , p 2 ). We first demonstrate that the relation between the imaginary parts of the amplitude coming from different cuts trivially follows from the representation (1) with a real function F (j i , t i ). Note that Im ζ = iπ and that for pomerons in the lowest order ζ = iπ. Armed with these properties we may calculate the total and partial imaginary parts of the amplitude. Since all non-trivial dependence on energies is contained in signature factors, we have only to follow their change when taking the relevant discontinuities.
Fist the total imaginary part. To find it we have just to substitute all ζ's by iπ, which will result in a contribution
Partial imaginary parts corresponding to different cuts. The diffractive cut corresponds to taking iζ 0 = 2π (just the discontinuity divided by i), ξ 1 = ξ 2 = −π and dividing the whole expression by two. Obviously we get
The double cut corresponds to taking iζ 0 = iζ 1 = iζ 2 = 2π (again the discontinuities divided by i) and dividing the whole expression by 2× 2 (2 for the imaginary part and 2 for the identity of the two legs). Obviously we get twice the diffractive cut
Finally single cuts correspond to ξ 0 and one of ξ 1,2 substituted by 2π the other one by −π multiplying by 2 for the complex conjugate part and dividing by 2 to pass from the discontinuity to the imaginary part. As a result we get four times the diffractive cut with the opposite signs
The sum of these partial contributions is equal to the total imaginary part ant their relative weights correspond to the AGK rules.
Note however that what we have just presented does not fully prove the AGK rules. In fact one has to be able to identify intermediate states and production amplitudes which generate different cuts of the amplitude in the unitarity relation for the total Im T . This is trivial for the internal gluons in the pomerons themselves, but not so for the coupling of the pomerons to the external particles and to each other. Such an identification is not needed when one studies the total amplitude and the cross-section which it describes, but becomes a necessity if one wants to see which particles are produced from the vertexes describing these couplings. The problem mostly concerns the double cut in variables s 1 and s 2 in (1), which has to be reinterpreted as a single unitarity cut. That this is not generally possible illustrates the diagram shown in Fig. 2 , say for a scalar theory with a triple interaction. It obviously contains the double cut in lower reggeons energies, but this cut cannot be identified with the unitarity cut, which cannot pass though both reggeons. So we have to study the unitarity relation for the amplitude in correspondence with the cuts we have discussed. The diffractive cut is graphically shown in Fig. 3 , where also the corresponding intermediate states and production amplitudes in the unitarity relation are shown. Each production amplitude consists of a reggeon above and two reggeons below the triple pomeron vertex. The upper reggeon emits real gluons and the lower ones interact to form an (uncut) pomeron. One real gluon has to be emitted at the vertex itself, since a reggeized gluon cannot split into two reggeized gluons due to signature conservation (see [10] ). Let the left reggeon splitting vertex in Fig. 2 be
, where a is the colour index of the emitted real gluon and its momentum is k = q 1 − k 1 − k 2 . Obviously this vertex is symmetric in the final reggeons 1 and 2. Summation over all intermediate gluon colours should give the diffractive cut contribution to the total imaginary part of the amplitude given by (6) . Comparison leads to the conclusion that
In deriving this relation we assumed that the reggeon splitting vertexes are real, which follows from the fact that the reggeon diagram technique involves only real quantities. Now we pass to the double cut. It is shown in Fig. 4 together with its unitarity content. The imaginary part of the amplitude is given by the convolution of production amplitudes, each containing an initial and two final reggeons which now all emit real gluons. The important point is that the splitting vertexes for the reggeons are of the same form as in the diffractive cut but with gluons 2 and 3 interchanged. E.g. the left one is Γ b 1 a 1 a 3 a (k 1 , k 3 |q 1 ) and correspondingly the momentum of the real gluon emitted at the vertex is k = q − k 1 − k 3 . Summing over the colour indexes of the latter should again give the double cut contribution, which gives a relation Comparison of (9) and (10) shows that the triple pomeron vertex
should be symmetric under the interchange of gluons 2 and 3, that is under a 2 , k 2 ↔ a 3 , q 3 . Since it is evidently symmetric under the interchange of gluons 1↔2 and 3↔4, it follows that the vertex should be fully symmetric under interchange of any gluons 1, 2, 3 and 4. This is a necessary condition for the amplitude in the form (1) to satisfy the AGK rules.
We now pass to the single cut contribution. Unlike the two previous ones, the unitarity content now includes two different structures, with or without a real gluon emitted at the junction, shown in Fig. 5 . Both structures involve production amplitudes with new splitting vertexes of a reggeon into three reggeons, symmetric in the three final reggeons. In the conjugated amplitude we find Γ b 2 a 2 a 3 a 4 a (k 2 , k 3 , k 4 |q 2 ) with an emitted real gluon of momentum
without such gluon and q = k 2 + k 3 + k 4 . They will be convoluted correspondingly with the standard Lipatov vertex Γ b 1 a 1 a (k 1 |q 1 ) with k = q 1 − k 1 and factor δ a 1 b 1 (2π) 3 δ 2 (q 1 − k 1 ). Summation over the color of the emitted gluon should give the single cut contribution, which gives a relation
This relation shows that the symmetric vertex Γ may include improper terms proportional to Analysis of reggeized gluon diagrams shows that the amplitude with four final reggeized gluons may be represented in different forms. From the direct study of the triple discontinuity with two, three and four exchanged reggeized gluons one finds an expression which is a sum of the double pomeron exchange and triple pomeron contribution with the so-called diffractive vertex Z [10, 11, 12] . However neither the vertex Z nor the gluon coupling to the external particles in the double pomeron exchange contribution are symmetric in all four reggeized gluons 1,..4 ( they are only symmetric in pairs 12 and 34). So according to the results of the previous section neither of these two contributions can separately satisfy the AGK rules in the sense described in the previous section and admit a clear interpretation in terms of the unitarity relation. However these two contributions can be transformed in another two, one of which has a form of a single pomeron exchange and the other of a triple pomeron contribution with a different vertex V symmetric in all the gluons [10] . Remarkably in the high-colour limit this vertex coincides with the one introduced by A.Mueller and B.Patel in the colour dipole model [13] and which represents the pomeron interaction in the hA and AB collisions. Our results show that it is this vertex for the triple pomeron interaction which satisfies the AGK rules. Note that this statement was made rather long ago in connection with the amplitude for the scattering on a single center [9, 10] . Our results generalize it to the scattering on two (or many) centers.
For our purpose we only need the vertex projected onto the incoming pomeron colourless color state
This vertex is related to the symmetric Bartels vertex V by the relation
The vertex V has the following colour and momentum structure
For brevity we suppress the dependence on the momenta of the initial pomeron q 1 , q 2 common to all the terms and denote the momenta of the final gluons by their numbers, so 1 means k 1 and so on. Function V (1, 2, 3, 4) is symmetric under the interchanges 1↔2, 3↔4 and 12↔34. The whole expression (14) is obviously completely symmetric in all four gluons. The explicit expression for the function V (1, 2, 3, 4) is conveniently given in terms of function G(k 1 , k 2 , k 3 ) introduced in [10] and generalized to the non-forward direction in [14] :
where again for brevity we denote 12=1+2=k 1 + k 2 etc. Function G has the form
Here ω(k) is the gluon Regge trajectory and the kernel for transition of two gluons into three K 2→3 is given by
It conserves the momentum, so that k 1 + k 2 + k 3 = q 1 + q 2 . Note an important property:
Summation over the colors of the final pomerons in the expression for the amplitude (1)
In the high-colour limit only the first term remains. The function F (j i , t i ) in the integrand for the amplitude (1) becomes
Note that the resulting vertex Γ is no more symmetric in all the gluons, which is a consequence of an unsymmetrical projection onto the colour space of the final reggeons. Putting in (1) s 1 = s 2 = s, passing to rapidities defined as
and substituting the signature factors by their lowest order values we obtain for the amplitude the standard expression
where the pomerons in the y-representation are defined as
This amplitude refers to the case when we have a simple triple pomeron diagram corresponding to scattering on two centers. A more important case is scattering on many centers (heavy nucleus) described by a sum of all fan diagrams made of the BFKL pomerons with their triple interaction. Apart from the driving term, which is an exchange of a single pomeron, it is given by the expression of the same form as (21) in which the final pomerons are substituted by the sums of all fans Φ(y, k 1 , k 2 ; b) and Φ(y, k 3 , k 4 ; b) where b is the impact parameter.
Expression (21) can be further simplified taking the limit N s → ∞ and passing to the coordinate representation [14] . Here we want only to comment about different parts of the imaginary part of this amplitude corresponding to different cuts. They will generally involve different projections onto the color space of the final pomerons. However due to symmetry of the vertex Γ the final result will be the same. For instance in the double cut we find the vertex
However the symmetry allows to interchange gluons 2 and 3 and (23) becomes identical to (18). So all contributions to the imaginary part will contain the same vertex Γ(k 1 , k 2 , k 3 , k 4 |q 1 , q 2 ) defined by (18) and so will be given by the same expression (21) with factor −i changed to 1, 2 and -4 for the diffractive, double cut and single cut contributions respectively.
Single inclusive cross-section
A clear interpretation of the contribution to the amplitude from different cuttings in terms of the intermediate states in the unitarity relation, illustrated in Figs. 3-5, allows to immediately localize the real gluon emitted from the vertex itself. Its momentum k turns out to be uniquely determined by the momenta of initial and final reggeons in the vertex, although differently for different cuttings. Namely in the diffractive cut k = q 1 −k 1 −k 2 , in the double cut k = q 1 −k 1 −k 3 and in the single cut k = q 1 − k 1 . So to find the inclusive cross-section corresponding to emission from the vertex it is sufficient to introduce the appropriate δ-functions into the expressions for the corresponding imaginary parts of the amplitude. Note that in principle in the expression for the single cut contribution we have to separate the two parts shown in Fig. 5 and drop the one which does not contain a real gluon emitted from the vertex. However the latter part is proportional to δ 2 (q 1 − k 1 ), which together with the relevant factor δ 2 (q − k 1 − k) leads to factor δ 2 (k). So for k 2 > 0 it will not give any contribution even if included. Thus we may safely preserve the total contribution to the vertex also for the single cut, provided we drop contributions proportional to δ 2 (k) which may appear. In this manner we obtain the expression for the inclusive cross section corresponding to gluon emission from the vertex as
Here the vertex corresponding to the emission (see Fig. 6 ) is given by To this cross-section one naturally has to add the obvious one which corresponds to emission from the initial pomeron. It is given by the expression (21) duly normalized and with the initial pomeron P (Y −y, q 1 , q 2 ) substituted by an 'opened' pomeron P y 0 ,k (Y −y, q 1 , q 2 ), which describes emission of a gluon of rapidity and momentum y 0 and k from it. An explicit form of P y 0 k can be found in [15] . Emission from any of the two final pomerons is cancelled by the AGK rules.
The cross-section discussed above refers to scattering on two centers. For scattering on many centers application of the AGK rules tells that the only surviving contributions are the one from the initial pomeron and the one from the vertex, which has the same form as (24) but with each of the two final pomerons substituted by the sum of all fans Φ. So for a collision with a large nucleus
with the same vertex (25).
In the following we try to somewhat simplify this expression having in mind its practical applications. The first approximation we make is to take the high-color limit N c → ∞. This approximation is in fact inevitable since with finite (and small) N c one cannot ignore the interaction between the two final pomerons and the whole simple picture in terms of only pomerons breaks down. In the high-color limit the vertex Γ simplifies:
where V is given by (15) . It is a symmetric function in the gluon 12 and 34, which together with the symmetry of the final pomerons or pomeron fans allows to rewrite the emission vertex as
The symmetry of the second factor allows to simplify the expression for V in terms of functions G: V (1, 2 
More simplifications follow when we recall that in practice one needs the pomerons (or their fans) at zero momentum transfer, so that q 1 + q 2 = k 1 + k 2 = k 3 + k 4 = 0. Then the last three terms in (29) vanish. Also terms with δ(q 1 − k 13 − k) and δ(q 1 − k 24 − k) after changing the sign of all momenta are equal, so that their contributions only differ in the change of sign of k , which of course does not lead to the change of the whole contributions. Taking this and other similar properties into account we finally get for the emission vertex
Eqs. (30) and (24) or (26) give a closed expression for the single inclusive cross-section for gluon emission from the vertex in terms of functions G. Using Eq. (16) for the latter one can obtain the final formulas for the cross-section in a more explicit form. They are rather cumbersome and presented in the Appendix.
Double inclusive cross-section
The double inclusive cross-section for emission of two gluons with rapidities and momenta y 1 , k and y 2 , l, with y 1 > y 2 , for scattering on two or many centers will be first given by two obvious contributions corresponding to double emission from the initial pomeron and single emissions from each of the two pomerons born after the first splitting. Expressions for them are evident (see e.g [5] ). Apart from them one finds additional terms related to emission from the vertex, which will be our subject in this section.
One of them, that in which the faster gluon y 1 , k is emitted from the initial pomeron and the slower one y 2 , l from the vertex, is obtained from (24) just by the substitution of the initial pomeron by the opened one P y 1 ,k and (with the emission vertex Γ l ). The new phenomenon is the appearance of a term in which the faster gluon is emitted from the vertex and the slower one from one of the two pomerons just after the first splitting (Fig. 7) . At first sight such a Figure 7 : Double inclusive cross-section for emission from the vertex and a pomeron after branching contribution should be cancelled by the AGK rules, since the other pomeron, with no emission, can be both cut and uncut on both sides of the cut passing through the pomeron with emission. However, unlike the pointlike vertex in a simple local pomeron theory, the triple pomeron vertex Γ k for gluon emission is different for different cuts passing through it, so that the AGK weights between cut and uncut pomeron without emission are different from the standard ones and cancellation of their contributions does not occur.
In fact it is easy to see the resulting contribution inspecting the unitarity content in Figs. 3-5. Since one of the pomeron (the one with emission) has to be cut, the diffractive intermediate states in Fig. 3 do not give any contribution. The contribution from the double cut Fig.  4 will be positive, contain a factor (2π) 3 δ 2 (q − k − k 13 ) and factor 4 corresponding to two cut final pomerons. The contribution from the single cut will be negative, contain a factor (2π) 3 δ 2 (q − k − k 1 ) and also factor 4 (2 from the cut pomeron and 2 from amplitude and its conjugate). So in the end we find the contribution to the double inclusive cross-section
with a slightly changed emission vertex
Simplifications similar to the ones made for the single inclusive cross-section transform this intõ
For a collision with a heavy nucleus one has to substitute the final pomerons by sums of fans Φ.
6 The reducible part of the amplitude
As mentioned, the total amplitude T 3→3 , or rather, its triple discontinuity in s 1 , s 2 and M 2 can be presented as a sum of the triple Pomeron interaction diagram with the symmetric vertex V and an additional, so-called reducible, term T R 3→3 , which has a structure of a single pomeron exchange. This term corresponds to the contribution from finite energies of the final pomerons in Eq. a single cut in the overall energy s and so does not take part in the AGK rules which govern the triple Pomeron contribution of Fig. 1 . Thus the total amplitude is in fact a sum of two contributions, from a single pomeron exchange and triple Pomeron interaction (Fig. 1) , Each of them satisfies the AGK rules, although differently, the one with the single pomeron exchange in a trivial manner. The reducible part does not bear relation to gluon jet emission from the vertex. Rather it gives an additional contribution to emission from within the pomeron, which however is of a higher order in the coupling constant and may be neglected. So its discussion is outside the topic of this study. Here we want only to comment on the unitarity content of the imaginary part of the reducible amplitude in terms of the relevant intermediate states. The reducible part has the form
Here the two D (0) represent coupling to the two targets (the so called impact factors). Perturbatively they are just two quark-antiquark loops. In any case they include the projectors (4) onto a colourless state. The term D (4,R) is the reducible part of the amplitude with 4 reggeized gluons and has the form [10]
Here the colour factor is
where t a is the quark colour matrix. Doing the projections onto the colourless state of the two targets we obtain an expression symmetric in all target gluons:
For two identical targets all terms actually reduce to only three different ones:
These three terms have a clear unitarity content for their imaginary part, which is shown graphically in Fig. 9 . As we observe each term in (38) has a particular cut which corresponds to unitarity. The first term has a single cut through one of the targets, the second a double cut through both the targets and the last one a diffractive cut with both targets uncut. It is amusing that the relation between these three contributions agrees with the AGK rules for the triple pomeron diagram: -4:2:1. However the contributions themselves are different. So it seems that the AGK rules for the triple pomeron contribution cannot be formally generalized to include the case when the lower pomerons are taken at finite energies. 
Conclusions
We have established that the AGK rules can only be satisfied if the triple pomeron vertex is a fully symmetric function in all four reggeized gluons which form the two outgoing pomerons. This selects the symmetric Bartels vertex V as a vertex for the triple pomeron amplitude obeying the AGK rules. The total amplitude for the scattering on two centers thus splits into this triple pomeron part and a single pomeron exchange one, both satisfying the AGK rules in their own way (the latter trivially). The unitarity content for the triple pomeron amplitude can be found without difficulty in terms of the corresponding production amplitudes. From it is straightforward to derive the contribution to the inclusive cross-section for jet emission from within the vertex. The found expression is somewhat different from the previously obtained in [8] from the diffractive vertex erroneously assumed to satisfy the AGK rules. However it has a similar structure and as many complicated terms. Remarkably among them we have not found the Kovchegov-Tuchin term obtained in [7] . For the double inclusive cross-section our results qualitatively agree with our earlier results in [8] . Namely there indeed appears a contribution in which the faster jet is emitted from the upper vertex and the slower one from the pomeron immediately below it. However there does not appear a contribution from the upper pomeron and the one after the first branching claimed in [16] .
Note that apart from BFKL pomerons with their triple interaction there may appear other colourless objects propagating from the projectile to the target, with a higher number of reggeized gluons inside. For example, as the number of reggeized gluons grows by two, a C-even colourless state consisting of three reggeized gluons may give a contribution of the same order in the coupling constant as the BFKL pomeron. It is well-known that coupling to the projectile or target of a perturbative nature (the quark-antiquark loop), such new states in fact reduce to the standard BFKL pomeron, so that they do not appear in the scattering amplitude on two centers. Still their role in the scattering amplitude on many centers remains an open question. Passing to the inclusive cross-section, already in the scattering on two centers one encounters certain new contributions, which involve these states [17] . In our opinion such contributions, which indeed appear in the scattering on two centers, are subdominant in the scattering on the large nucleus, where an extra α s does not become fully compensated by the additional integration over intermediate energies. A more concrete conclusion on this point can only be done when exact forms of the relevant emission vertexes are found. Note however that these additional contributions to the inclusive cross-section on two centers give zero after integration over the observed jet momentum and so in any case do not influence the distribution in rapidity.
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9 Appendix. Explicit expressions for the cross-section J(y, k, b)
As in [8] to find explicit expressions for the inclusive cross-section J(y, k, b) given by Eqs. (24) or (26) we shall use relations between the forward pomerons P (y, k), forward pomerons in the nucleus Φ(y, k, b), function φ(y, k, b) which satisfies the non-linear BFKL equation and gluon density defined as h(y, k, b) = k 2 ∇ 2 k φ(y, k, b). Taking into account the standardly done rescaling and suppressing irrelevant y and b dependence they are for the fans:
and for the initial pomeron
We shall also use Φ(r = 0) = P (r = 0) = 0 in the configuration space and the relation ∆ ln r = 2πδ 2 (r).
Note that since function G(1, 2, 3) vanishes when its first or last argument vanishes, in our formulas for the cross-section the term with the δ-function in the forward function Φ(k) can be dropped.
Armed with these relations we study separate terms in (25)
coming from i cut pomerons. Each of these terms in its turn can be separated into a proper part coming from function K 2→3 in (16) and improper one from the rest: 
We consider the forward case q 1 = −q 2 = q, k 1 = −k 2 = l, k 3 = −k 4 = p
We start from the simpler diffractive contribution J 0 . Its proper part has a form
This contribution was studied in [8] with the result 
The improper part is given by an integral in only one momentum
(the two improper terms in (16) give equal contributions), where
Integrating by parts and using (41) we obtain
Next we study the single cut contribution J 1 . Its proper part has a form
